In this paper, M denotes a locally conformally symplectic manifold, characterized in terms of Lie-Rinehart-Jacobi algebra on the C ∞ (M )-module of vector fields X(M ). We give, the properties of locally and globally hamiltonian vector fields.
Introduction
We denote by A, a commutative algebra with unit 1 A over a commutative field K of characteristic zero. When ϕ(1 A ) = 0, then ϕ is a derivation of A. We denote by Der K (A) the Lie algebra of derivations of A and by D K (A) the Lie algebra of differential operators of order ≤ 1 on A.
Lie-Rinehart Algebra
When G is simultaneously an A-module and a K-Lie algebra, a structure of Lie-Rinehart algebra on G is given by a morphism of A-modules and of K-Lie algebras ρ : G −→Der K (A)
satisfying, for all x and y in G and for any a ∈ A,
We say that the pair (G, ρ) is a Lie-Rinehart algebra [1] .
In [3] , Okassa uses the following definition which is of course equivalent to the definition above given by [1] : Proposition 1. A Lie-Rinehart algebra structure is given by a pair (G, ρ) where G is simultaneously an A-module and a K-Lie algebra, with bracket [, ] and
is simultaneously a morphism of A-modules and of K-Lie algebras such that
for any a ∈ A and x, y ∈ G.
Let (G, ρ) be a Lie-Rinehart algebra over A and
where L p sks (G, A) is the module of skew-symmetric A-multilinear maps of degree p from G to A, and finally
the cohomology operator associated with the representation ρ.
In differential geometry, d ρ is the generalization of the differential operator of Lichnerowicz with 1-form
and the pair (L sks (G, A), d ρ ) is a differential algebra.
Lie-Rinehart-Jacobi algebra
A Lie-Rinehart-Jacobi algebra structure on a Lie-Rinehart algebra (G, ρ) is defined by a skew-symmetric bilinear form
We say that (G, ρ, µ) is a Lie-Rinehart-Jacobi algebra [3] .
Locally Conformally Symplectic Manifolds
In this section, M denotes a smooth manifold, C ∞ (M ) the algebra of smooth
is simultaneously a morphism of C ∞ (M )-modules and of R-Lie algebras such that
for all X, Y ∈ X(M ) and f ∈ C ∞ (M ). Moreover, a triplet (X(M ), ρ, ω) is a Lie-Rinehart-Jacobi algebra if the pair (X(M ), ρ) is a Lie-Rinehart algebra and if
Proposition 2. If α is a differential form of degree +1 on M , the map
, is a morphism of Lie algebras if and only if α is closed.
Proof. For all X, Y ∈ X(M ) and for any f ∈ C ∞ (M ),
Thus ρ α is a morphism of Lie algebras, if and only if α is closed i.e. dα = 0.
That ends the proof.
We have the following theorem [4] :
If M is a smooth manifold, then a Lie-Rinehart algebra structure on X(M ) is always of the form (X(M ), ρ α ) where α is a closed differential 1-form on M.
A smooth manifold M is a Locally Conformally Symplectic Manifold if there exists a nondegenerate 2-form
and a closed 1-form
where d is the exterior differentiation operator. When α = 0, then M is a symplectic manifold. We have the following theorem [4] :
If M is a smooth manifold, then X(M ) admits a symplectic LieRinehart-Jacobi algebra structure if and only if M is a Locally Conformally Symplectic Manifold.
In the following, M is a Locally Conformally Symplectic Manifold of 2-form ω and of 1-form α i.e. X(M ) is endowed with a Lie-Rinehart-Jacobi algebra structure and we denote d α , instead of d ρ α .
Proposition 5. We have the following assertions:
1. the 1-form α is d α -closed if and only if α is d-closed.
Therefore for any η ∈ Ω p (M ), we have
For f ∈ C ∞ (M ), since ω is nondegenerate, then there exists a unique vector field X f such that
One writes {f, g} = −ω(X f , X g ).
When (X(M ), ω, α) is a Locally Conformally Symplectic structure, since ω is nondegenerate then there exists a unique vector field X 1 C ∞ (M ) ( said characteristic vector field for the structure) such that i X 1 C ∞ (M ) ω = α i.e. for any vector field X ∈ X(M ), we have ω(X 1 C ∞ (M ) , X) = α(X).
Locally and globally hamiltonian vector fields
A vector field X on a Locally Conformally Symplectic Manifold M is said to be locally hamiltonian if the flow of X, {ϕ t } t∈R is a local diffeomorphism i.e. ϕ * t ω = ω and ϕ * t α = α for any t ∈ R. A vector field X on a Locally Conformally Symplectic Manifold M is said to be globally hamiltonian if i X ω is exact i.e. there exists H ∈ C ∞ (M ) such that i X ω = d α H. The function H is said to be a hamiltonian of X.
Proposition 7. Let M be a Locally Conformally Symplectic Manifold and X a vector field on M . The following conditions are equivalent:
1. X is a locally hamiltonian vector field; 2. θ X ω = 0;
Remark 2. A globally hamiltonian vector field is locally hamiltonian. Indeed,
Proposition 8. The bracket of two locally hamiltonian vector fields is a globally hamiltonian vector field.
Proof. Let X and Y be two locally hamiltonian vector fields i.e.
Remark 3. The map C ∞ (M ) → X(M ), f → X f is a morphism of Lie algebras and a differential operator of order ≤ 1.
In the following, we denote 1, instead of 1 C ∞ (M ) .
Theorem 9. For all smooth function f on a Locally Conformally Symplectic Manifold M , the Lie derivation of the hamiltonian vector field X f preserves f if and only if, X f (f ) = f · X 1 (f ).
Proof. Let f ∈ C ∞ (M ) and let X f be the hamiltonian vector field on M,
Thus θ X f (f ) = 0 if and only if, X f (f ) = f · X 1 (f ).
Proposition 10. Any hamiltonian vector field on a Locally Conformal Symplectic Manifold M has the following properties:
1. X λ = λX 1 , λ ∈ R;
2. X −f = −X f , f ∈ C ∞ (M );
Proof. Let λ ∈ R; f ∈ C ∞ (M ). Since ω is nondegenerate, we have 1.
Thus X λ = λX 1 . 2.
One deduces that X −f = −X f . 3. We use the Theorem 9 and the fact that X f is a derivation.
